Recently, the BTZ black hole in the presence of the gravitational Chern-Simons (GCS) term has been studied and it has been found that the usual thermodynamical quantities, like as the black hole mass, angular momentum, and black hole entropy, are modified. But, for large values of the GCS coupling, where the modification terms dominate the original terms, some exotic behaviors occur, like as the roles of the mass and angular momentum are interchanged and the black hole entropy depends more on the inner-horizon area than the outer one. A basic physical problem of this system is that the form of entropy does not guarantee the second law of thermodynamics, in contrast to the Bekenstein-Hawking (BH) entropy. Moreover, this entropy does not agree with the statistical entropy, in contrast to a good agreement for small values of the GCS coupling. Here I find that there is another entropy formula where the usual BH form dominates the inner-horizon term again, as in the small GCS coupling, such as the second law of thermodynamics can be guaranteed. But now, the characteristic angular velocity and temperature are identified as those of the inner horizon, rather than the usual outer horizon, in order to satisfy the first law of thermodynamics. The temperature has a negative value due to an upper bound of the mass as in spin systems and the angular velocity has a lower bound. Then, it is found that the new black hole entropy also agrees with the statistical entropy based on the holographic anomalies and this reproduces, in the limit of vanishing Einstein-Hilbert term, the recent result about the exotic BTZ black holes where their masses and angular momenta are completely interchanged and the black hole entropies depend only on the area of the inner horizon. I compare the result of the holographic approach with the classicalsymmetry-algebra-based approach and I find exact agreements even with the higher-derivative term of GCS. This provides a non-trivial check of the AdS/CFT-correspondence in the presence 1 Electronic address: muinpark@yahoo.com 1 of higher-derivative terms in the gravity action. As a byproduct, I clarify how the correct "1/h" factor in the semiclassical black hole entropy can be reproduced from the appropriate recovering ofh, which is "hidden" in the usual anomaly computations. I comment also about the reason of the general validity of the Cardy formula even with the higher-derivative/curvature corrections, its higher-order corrections, subtleties of extremal and near-extremal black holes, probing inside the horizon, and classical (in)stability problems.
I. Introduction
The gravitational Chern-Simons (GCS) term in the Einstein gravity, with a vanishing cosmological constant Λ, produces a propagating, massive, spin-2 mode although the separate actions do not [1, 2, 3] . ( This system is known as the "Topologically Massive Gravity (TMG)" in the literatures. ) So, a massive object in this theory has the GCS dressing whose size is governed by the inverse of the graviton's mass, which is proportional to the coupling constant of the GCS term.
Recently, the BTZ black hole system as a trivial solution of the GCS-corrected gravity in the three-dimensional anti-de Sitter space (AdS) with a cosmological constant Λ = −1/l 2 ( I call this GCS-corrected/dressed BTZ (GCS-BTZ) black hole ) has been studied in the context of the higher-derivative/curvature gravities [4, 5, 6, 7, 8, 9, 10] . And it has been found that the usual thermodynamical quantities of the BTZ black hole, like as the black hole's mass, angular momentum, and entropy are modified as M = m + xj/l, J = j + xlm, (1.1) 2) which shows some mixings between the original BTZ black hole's mass m and angular momentum j, and also some deviation, proportional to the inner-horizon's area, from the usual Bekenstein-Hawking (BH) form [11, 12] in the black hole entropy [6, 8, 9, 10] . Here, the parameter x is proportional to the GCS coupling constant. These modifications would be the results of the GCS dressing in the AdS space, which have been absent in the usual TMG with Λ = 0. But, that does not change much about the physical contents of the usual BTZ black hole when the parameter x is not large enough, more exactly when it is smaller than a critical value of the coupling constant. In fact, there is a good agreement in the entropy (1.2) with the statistical entropy based on the conformal field theory (CFT) for the Virasoro algebras at the spatially infinite boundary [8, 9] , as in the usual BTZ black hole systems [13, 14, 15] .
However, for large values of the GCS coupling, where the modification terms dominate the original terms, some exotic behaviors occur, like as the roles of mass and angular momentum are interchanged and its black hole entropy depends more on the inner-horizon area than the outer one. Actually similar phenomena have been also known for some time in several other contexts [16, 17, 18, 19] where the masses and angular momenta are completely interchanged and the black hole entropies depend only on the areas of the inner horizon ( I have called these kinds of black holes as the exotic black holes [20] ), in completely contrast to the BH's entropy formula [11, 12] . This looks similar to the suggestion in Ref. [21] .
But a basic physical problem of those approaches is that the second law of thermodynamics is not guaranteed with their entropy formulae in contrast to the BH form [11] ; actually, without the guarantee of the second law, there is no justification of identifying the entropies, even though they satisfy the first law, with the inner-horizon areas [12] . Moreover, those entropies do not agree with the statistical entropies, in contrast to a good agreement for small values of the GCS coupling, though this has not been well known in the literatures.
In the usual system of black holes, the first law of thermodynamics uniquely determines (up to an arbitrary constant) the black hole entropy with a given Hawking temperature T + and chemical potential for the outer (event) horizon r + . In this context, there is no choice for the entropy of the GCS-BTZ black hole, other than (1.2), which is problematic for large values of x.
But recently, I have found that it is not the case for the exotic black holes [20] , which corresponds to the x → ∞ limit, by showing that there is another re-arrangement of the first law such as the entropy has the usual BH form, which is proportional to the area of the outer horizon, but now the characteristic temperature and chemical potential are those of the inner horizon, in contrast to the previous approaches. The temperature has a negative value due to an upper bound of the mass as in spin systems and the angular velocity has a lower bound. And I have found that the new entropy formula has a good agreement with the statistical entropy based the CFT at the spatial infinity.
In this paper I show that the new approach can be generalized to large but finite values of x also: By considering the characteristic angular velocity and temperature as those of the inner horizon, a new entropy formula is found from the first law of thermodynamics. This new entropy agrees well with the statistical entropy. But, for small values of x, the system behaves like as an ordinary BTZ black hole with the characteristic angular velocity and temperature as those of the outer horizon with the known entropy formula (1.2), which agrees with the statistical entropy as well. So, I find two different phases of the GCS-BTZ black hole, depending on its GCS coupling constant. For each phase, the second law, as well as the first law, of the thermodynamics is guaranteed and there are good agreements with the statistical entropies.
The plan of this paper is as follows. In Sec. II, I consider the thermodynamics of the GCS-BTZ black hole and find the new entropy formula for the large GCS coupling |β| > 1, as well as the usual entropy formula for the small coupling |β| < 1, from a new re-organization of the first law of thermodynamics. The inner horizon's temperature T − , which is "negative" valued, and angular velocity Ω − are considered as the characteristic parameters of the system for |β| > 1, as well as the usual outer horizon's ones T + , Ω + for |β| < 1. I study also the Smarr formula and find the same form as in the usual BTZ black holes without the GCS term.
In Sec. III, the statistical entropy based on the holographic anomalies is considered and I find perfect agreements with the thermodynamic entropies that have been studied in Sec. II, as far as the latter makes sense. The new entropy formula, as well as the ordinary one, is strongly supported by the CFT approach which is robust in the context of the AdS/CFT correspondence. And as a byproduct, I clarify how the correct "1/h" factor in the semiclassical black hole entropy can be reproduced from the appropriate recovering ofh, which is "hidden" in the usual anomaly computations. In Sec. IV, the classical symmetry algebra approach, based on the Chern-Simons formulation of three-dimensional gravity, is considered for comparison with the holographic anomaly approach of Sec. III and I find exact agreements between them. This provides a non-trivial check of the AdS/CFT-correspondence in the presence of higher-derivative terms in the gravity action. I include some details about the classical Kac-Moody and Virasoro algebra since there are several aspects which should be clarified though there are some recent works already in this direction. In order to ensure that the exact factor matching even with the GCS term is a solid result, by carefully fixing the subtleties involving the normalization differences between the different bases and conventions in the literatures, I include some details about the computations and useful formulae in Appendix A.
In Sec. V, I conclude with several discussions which include the reason of the general validity of the Cardy formula even with higher-derivative/curvature corrections, its higher-order corrections, subtleties of extremal and near-extremal black holes, probing inside the horizon by the GCS term, and classical (in)stability problems.
In Appendix B, I briefly review on the derivation of the Cardy formula and its higher-order corrections for completeness.
I shall omit the speed of light c and the Boltzman's constant k B in this paper for convenience, by adopting the units of c ≡ 1, k B ≡ 1. But, I shall keep the Newton's constant G and the Planck's constanth in order to clearly distinguish the quantum (gravity) effects with the classical ones.
II. Thermodynamics of the GCS-BTZ black hole
A. The BTZ black hole in the GCS-corrected gravity
The (2+1)-dimensional gravity with the GCS term and a cosmological constant Λ = −1/l 2 is described by the action on a manifold M [1, 2, 3] [ omitting some possible boundary terms ]
where the GCS term is given by 2 [ the Greek letters (µ, ν, α, · · ·) denote the space-time in-dices and Latin (a, b, c, · · ·) denote the internal Lorentz indices; I take the metric convention η ab =diag(−1, 1, 1) for the internal Lorentz indices and the indices are raised and lowered by the metric η ab ]
Here, the spin-connection 1 − f orm ω a b = ω a bµ dx µ , ω abµ = −ω baµ is determined by the torsionfree condition
with the dreibeins 1-form e a = e a µ dx µ , and the curvature is then
[ I take the same definitions as in Ref. [8] for the curvature 2-form R ab = (1/2)R abµν dx µ ∧ dx ν and the spin-connection 1-form ω ab . Some useful formulae are summarized in Appendix A. ] Note that I GCS is of third-derivative order, rather than the second as in the Einstein-Hilbert term; so this is the first higher-derivative correction in three-dimensional spacetimes.
The resulting equations of motion, by varying I g of (2.1) with respect to the metric 3 , are 4) where the Cotton tensor C µν is defined by 5) which is traceless and covariantly conserved [1] . From the fact that the Einstein equation (2.4) gives a constant curvature scalar R = −6/l 2 , the equation (2.4) can be further reduced to
It would be a non-trivial task to find the general black hole solutions for the third-derivativeorder equations 4 . However, there is a trivial solution, e.g., the BTZ solution because it satisfies the equation (2.6) trivially with
. This looks like a too-trivial
[9] asβ = −β S /l, and in Ref. [8] asβ = −32πGβ KL /l. 3 The variations of I GCS depends only the metric, though it does not look clear at first sight, as [1, 8] . 4 Recently, a non-trivial two-parameter family of black hole solutions have been found [22] , but it does not seem that its properties have been fully elucidated yet. situation which does not have any higher-derivative effect of the GCS term. But actually this is not the case, as we will see, since there are some non-trivial shifts in the physical parameters of the black hole [6, 8, 9] ; the BTZ solution is rich enough to show some genuine effect of the GCS term. So, I concentrate hereafter only the BTZ solution, which is given by the metric [23, 24] 
with
Here, r + and r − denote the outer and inner horizons, respectively. In the absence of the GCS term, the mass and angular momentum of the black hole are given by 9) respectively. Note that these parameters satisfy the usual mass/angular momentum inequality m 2 ≥ j 2 /l 2 in order that the horizon exists or the conical singularity is not naked; the equality holds for the extremal black hole, where the inner and outer horizons overlap. But, in the presence of the GCS term, it has been found that these "bare" parameters are shifted as (1.1) 5 , i.e., M = m +βj/l, J = j +βlm, (2.10) respectively; these modifications would be the results of GCS term in AdS space. One remarkable result of these modifications is that the usual mass/angualr momentum inequality is not valid generally
but it depends on the values of the GCS coupling constantβ: For small values of coupling |β| < 1, the usual inequality is preserved, i.e., M 2 ≥ J 2 /l 2 ; however, for the large values of coupling |β| > 1, one has an anomalous inequality with an exchanged role of the mass and angular momentum as J 2 /l 2 ≥ M 2 ; and also at the critical value |β| = 1, the modified mass and angular momentum are "always" saturated, i.e., M 2 = J 2 /l 2 , regardless of inequality of the bare parameters m and j.
B. The black hole thermodynamics
Since the solution (2.7) has the same form of the metric as the usual BTZ solution, it has the same form of the Hawking temperature and angular velocity of the outer (event) horizon r + as the BTZ also:
with the surface gravity function κ = ∂N 2 /(2∂r).
Now, by considering the first law of thermodynamics as
with T + and Ω + as the characteristic temperature and angular velocity of the system, one can easily determine the black hole entropy as
There is no other choice for the entropy in this usual context [16, 17, 18, 19, 9, 10] . In fact, this has been computed also in rather formal contexts like as the Euclidean method of conical singularity [9] and Wald's formalism [10] but the same entropy has been obtained. However, an inherent problem of all those approaches is that there is no general proof about the second law of thermodynamics when higher-derivative/curvature terms are included in general [27, 28, 29] . In our case of (2.14), there are two contributions: One is the usual BH term 15) which guarantees the second law from Hawking's area theorem [11, 12] , which saying the increase of the area of the outer horizon A + = 2πr + . Another term is proportional to the inner-horizon area A − = 2πr − and this comes from the GCS term. But in this second part, the second law wold be questionable since some of the basic assumptions for the Hawking's area theorem, i.e., cosmic censorship conjecture might not be valid for the inner horizon in general. Moreover, the usual instability of the inner horizon makes it difficult to apply the Raychaudhuri's equation to get the area theorem, even without worrying about other assumptions for the theorem; actually this seems to be the situation that really occurs in our GCS-BTZ black holes also [30, 31] . But, there is a novel situation where the total entropy (2.14) still satisfies the second law, though all its constituents do not. This is the case where the usual BH term dominates the exotic term proportional to A − : Since r + ≥ r − is always satisfied, this condition is equivalent to |β| < 1. Actually, this is the case where the usual mass/angular momentum inequality holds, as I have shown in the previous sub-section II.A, the system behaves as an ordinary BTZ black hole though there are some shifts in the mass, angular momentum, and entropy.
On the other hand, for large values of coupling |β| > 1, where the exotic term dominates the BH term, the above argument does not guarantee the second law of thermodynamics generally. Then, without the guarantee of the second law of thermodynamics, there is no justification of identifying entropy (2.14) even though it satisfies the first law of thermodynamics (2.13) and its characteristic temperature and angular velocity has the usual identifications [12] .
So, in order to avoid the problem for the large couplings, we need another form of the entropy which is dominated by a term linearly proportional to the outer horizon area A + , following the Bekenstein's general argument [12] , which should be valid in our case also; but the first law would be satisfied with some other appropriate temperature and angular velocity.
Recently, I have studied the extreme limit |β| → ∞ of the system and found that it is actually the case; and it can be generalized to our case also. A crucial fact for the new formulation is by observing the following identities in the BTZ system
where
is the angular velocity for the inner horizon; these identities show a symmetry between r + and r − , which would reflect the symmetry in the metric (2.7), (2.8) and the bare parameters (2.9). Then, the first identity (2.16) produces the usual first law of thermodynamics with the Hawking temperature T + , and angular velocity Ω + for the outer horizon, and BH entropy S BH :
The second identity (2.17) is an interesting re-arrangement of the first identity by replacing r + with r − ; this would be remarkable since the first law does not uniquely determine (up to a constant) the black hole entropy as well as the characteristic temperature and angular velocity in contrast to usual belief; actually the second identity (2.17) implies that the system can be also considered as a black hole with the entropy
proportional to the inner-horizon area A − , and the characteristic temperature 21) angular velocity Ω − for the inner horizon:
Now, let me consider, from (2.10),
instead of δM − Ω + δJ in (2.13). Then, it is easy to see that the first two terms in the right hand side become T − δS − by using the second identity (2.17) or from (2.22) . And also, the final two terms in the bracket become T − δS BH by using the first identity (2.16) and another identity
So, finally I find that (2.23) becomes a new re-arrangement of the first law as
with the new black hole entropy
With the above new entropy formula, it is easy to see that the previous argument for the second law of thermodynamics of (2.14) in the small values of coupling |β| < 1 can now be applied to that of (2.26) in the large values of coupling |β| > 1. But, with this new formulation, we have a dramatic departure from the usual situations. First, the angular velocity has a lower bound Ω − ≥ 1/l due to the fact of r + ≥ r − ; it is saturated by the extremal case r + = r − and divergent for the vanishing inner horizon. This implies that this system is always rotating as far as there is an event horizon r + . Second, the temperature T − and surface gravity κ − have negative values. 6 The negative-valued temperature looks strange in the usual black hole context, but this is a well-established concept in the spin systems where some upper bound of the energy level exists [32] . Actually this is exactly the same situation as in our case due to the upper bound of mass in (2.11) , and this provides a physical justification of introducing the negative temperature in our system also. 7 This would be probably the first example in the black hole systems where the negative temperature occur.
C. The Smarr formula and its universality
So far, I have found that there are two different phases of the GCS-BTZ black hole, depending on its GCS coupling. The physics is quite different in the two phases having different thermodynamic functions, T + , Ω + , S for |β| < 1 and T − , Ω − , S new for |β| > 1. But, for each phase, the second law, as well as the first law of thermodynamics, is guaranteed.
On the other hand, it is known that the bare BTZ black hole satisfies the three-dimensional Smarr formula [33] 
So, an interesting question would be whether this formula is deformed in the presence of the higher-derivative/curvature terms in the action; and also the study of this relation would be important in that it could show some universal characteristics of the system in connection with other thermodynamical systems which look completely different. This would be a non-trivial question in the general asymptotically-AdS space [34, 35] . But, in our GCS-BTZ case, the Smarr formula (2.27) is unchanged from some magic of the system. The magic comes first from the following identity, in addition to (2.27),
and this can be considered as another re-arrangement of the three-dimensional Smarr formula (2.27), which has never been considered in the literatures. 8 And also, by considering (2.24) and
The first and second identities come from (2.27) and (2.28), respectively.
Then, from all these magical identities, one can easily find the following Smarr formulae for the GCS-corrected mass and angular momentum, M and J, respectively
by considering (2.27), (2.30), and (2.28), (2.29), respectively. Here, (2.27) and (2.31) describe the black holes with |β| < 1 since T + and Ω + are considered as the characteristic parameters of the system. Similarly, (2.28) and (2.32) describe those with |β| > 1. So, I have found that the two Smarr formulae (2.27) and (2.28) extend to the GCS-BTZ black hole with the corrected M, J and the entropies S or S new .
9 However, it is not clear whether the covariance of Smarr formula is just a result of the speciality of the GCS term or there are other deep reasons.
III. Statistical entropy: the holographic anomaly approach
In the usual context of the AdS/CFT correspondence [36] , the central charges for the CFT on the asymptotic AdS boundary are identified by evaluating the anomalies of the CFT effective action, from the regularized bulk gravity action [37, 38, 39] . ( See also Refs. [40, 41] for some alternatives approaches. )
Recently, the approach has been applied to the action (2.1) and it is found that there are anomalies in the expectation values of the boundary stress tensor, for the boundary metric ds 2 ≃ −r 2 dx + dx − with r taken to infinity,
with the central charges [ I follow the conventions of [39] ]
with γ ± = 1 ±β for the right/left-moving sectors with the superscripts + and −, respectively. Note that the obtained central charges have the quantum origin, which would has been introduced via the regularization procedure; the anomaly equations (3.1) have been written, usually, as if noh is involved, e.g., T ±± = −c ± /(24π), with classical numbers c ± , so it was quite unclear how to recover the Planck's constanth to reproduce the correct "1/h" factor of the semiclassical black hole entropy, like as the BH entropy (2.15), via the Cardy formula. By considering (3.1) as the anomalous transformations of the boundary stress tensors under the diffeomorphism δx
with the generatorsL
one can obtain a pair of quantum Virasoro algebras
for a monochromatic basis ξ ± = e imx ± with the integer numbers m, n. Here I note that this reduces to the usual result for the holographic conformal anomaly in theβ → 0 limit [37, 38, 39] , whereasβ-dependent terms come from the holographic gravitational anomaly due to the GCS term [8, 9] . Now, let me consider the ground state Virasoro generators, expressed in terms of the black hole's mass and angular momentum:
With the Virasoro algebras ofL ± m in the standard form, which are defined on the plane, one can use the Cardy formula for the asymptotic states [42, 43, 44, 45, 46] 
where∆ ± are the eigenvalues, called conformal weights, of the operatorL 0 for black-hole quantum states |∆ ± and∆ ± min are their minimum values. Here, I note that the above Cardy formula, which comes from the saddle-point approximation of the CFT partition function on a torus, is valid only if the following two conditions are satisfied:
± min are the effective conformal weights and central charges, respectively; from the first condition, the higher-order correction terms are exponentially suppressed as e
; from the second condition, the usual saddle-point approximation is reliable, i.e., ρ(∆ ± ) dominates in the partition function (see Appendix B for the details). Then, the statistical entropy for the asymptotic states becomes
where I have chosen∆ ± 0 (min) = 0 as usual [13, 14, 15] ; from (3.6) this corresponds to the AdS 3 vacuum solution where m = −1/(8G) and j = 0 in the usual context, but it has a permanent rotation as well in the new context [8] ,
Note that the correct "1/h" factor for the semiclassical black hole entropy comes from the appropriate recovering ofh in (3.2) and (3.6). According to the conditions of validity (3.8), (3.9) , this entropy formula is valid only when both of the two conditions
(r + ± r − ) ≫hG (3.13)
are satisfied. The usual semiclassical limit of large black hole (area), in which the back-reaction of the emitted radiation from the black hole is neglected [47] and so the thermodynamical entropy formula (2.14) and (2.26) from the first law can be reliable, agrees with the condition (3.13) and so there would be no obstacles to compare the statistical entropy (3.10) with the thermodynamical one. Note that from another condition (3.12) we are considering a more restricted class of black hole systems 10 , though this does not seem to be needed in general.
10 At this state, the condition of large central chargesĉ ± ≫ 1, i.e., l ≫hG [13] , which would be related to the leading supergravity approximation of AdS/CFT correspondence [36] , is not needed yet. Now, let me consider the following four cases, depending on the values ofβ: (a). |β| < 1, (b).β > 1, (c).β < −1, and (d). |β| = 1.
(a). In this case, I have |γ ± | = γ ± and the statistical entropy (3.10) becomes
. This agrees exactly with the usual entropy formula (2.14).
And this is the case whereĉ ± and∆ ± −ĉ ± /24 are positive definite such as the Cardy formula (3.7) has a well-defined meaning. In the gravity side also it shows the usual behavior with the "positive" mass and angular momentum satisfying the normal inequality
(b). In this case, I have |γ
and so the statistical entropy (3.10) becomes
This agrees exactly with the new entropy formula (2.26), which guarantees the second law of thermodynamics even in this case. And this is the case where there is some abnormal change of the role of the mass and angular momentum due to J 2 /l 2 ≥ M 2 even though M and J both are positive definite as usual. Moreover, in the CFT side also, this is not the usual system becauseĉ [48] ; this implies that the Hilbert space need to be "twisted" in which the whole states vectors be constructed from the twisted highest-weight state |∆ + ⊗ |∆ − . The formula (3.10), which is invariant under this substitution, should be understood in this context. On the other hand, if I take the limitβ → ∞ , in which there is only the GCS term, this becomes the "exotic" black hole system that occur in several different contexts [16, 17, 18, 19, 20] ; but note that this can not be obtained from (3.14).
(c). In this case, I have |γ
and the statistical entropy (3.10) becomes
Note that this is positive definite and this should be the case from its definition S stat = log(ρ(∆ On the other hand, the corresponding thermodynamical entropy S new becomes negative such as the statistical counterpart does not exist in principle from the above reason; so, it is not so surprising that we have found a disagreement in this case. And also, this is the case where M can be negative and J has the opposite direction to the bare one j, in contrast to the positive definite M and J in the cases of (a) and (b).
(d). In this case, one of γ ± vanishes, i.e., γ + = 0, γ − = 2 forβ = −1 and γ + = 2, γ − = 0 forβ = 1. The statistical entropy becomes
17)
Note that (3.18) can be reproduced from (3.14) and (3.15), but (3.17) from (3.14) only. So, statistical entropies (3.17) and (3.18) agree exactly with the usual entropy formula (3.14). As I have remarked previously in Sec. II. (b), this is the case where the mass/angular momentum inequality saturates M 2 = J 2 /l 2 regardless of m and j. In fact, they satisfy
forβ = ±1, respectively. So, for non-extremal bare black holes with r + > r − , the mass M is positive definite but J changes its direction forβ = −1. For extremal bare black holes with r + = r − , one has M = J = 0 as well as S stat = S = 0 satisfying the Nernst formulation of the third law of thermodynamics [49, 50, 51] 
> 0 without satisfying the third law forβ = 1 as in all other cases of (a)∼(c) and in the usual Kerr black hole [52] . But there are some subtleties about this in the fully corrected entropies; see Sec. V about this issue. In summary, I have found exact agreements between the thermodynamic black hole entropies which have been evaluated in the bulk (AdS) gravity side and the CFT entropies in the asymptotic boundary, as far as the thermodynamics are well defined. So, the new entropy formula for the strong values couplingβ > 1 with the unusual characteristic temperature and angular momentum T − , Ω − is strongly supported by the CFT approach also. This reveals the AdS/CFT correspondence in the sub-leading order with the higher-derivative term of GCS as well as in the leading order with the Einstein-Hilbert action.
IV. Comparison with the classical symmetry algebra approach: Exact agreements
There is an alternative approach to compute the Virasoro algebras with the central charges. 
with the "classical" central charges c ± and the Dirac bracket { , } * [58] .
It is well known that there is an exact agreement with the anomaly based approaches of Sec. III by the mapping [43] , with the appropriate recovering ofh,
in the absence of the GCS term [37, 38, 39] 11 . So, the statistical entropy agrees with the BH entropy also. But, this is a quite non-trivial fact and actually this provides an explicit check of the AdS/CFT correspondence by comparing the classical data (c ± , L ± ), which can be directly computed, with the quantum data (ĉ ± ,L ± ) in the anomaly approach, which can be identified only indirectly through the (conjectured) AdS/CFT-correspondence. So, it would be interesting to consider the classical approach in the presence of the GCS term also, and compare with the results from the anomaly approach of Sec. III in order to see whether they both agree or not. This would provide a non-trivial check of the AdS/CFT-correspondence beyond the Einstein-Hilbert action; there are some works already in this direction [5, 64, 65] but there are several aspects which should be clarified.
There are two "classically" equivalent approaches for this purpose: They are the purely gravity approach of Brown-Henneaux [53] and Chern-Simons (CS) approach. I consider the latter approach here since it is easier and provides some explicit computations of the symmetry generators and their Dirac brackets of (4.1) even far from asymptotic boundary, which are not available in the former approach. Moreover, it can reveal the holographic phenomena explicitly and the novel boundary effects to the derivative of Dirac delta function, which are the mathematical origin of the classical central terms [56] .
A. The Chern-Simons gauge theory with boundaries
It is well known that the CS (gauge) theory with boundaries produces the central terms in the Virasoro algebras, as well as in the Kac-Moody algebras even at the "classical" level; this 11 The classical algebra with the higher curvature terms was computed in Ref. [59] by transforming the gravity action with the higher curvature terms into the usual Einstein-Hilbert action with some auxiliary tensor matter fields. The same central charges and Virasoro generators have been obtained in the anomaly approach also recently [7] . But the validity of Ref. [59] is unclear since there would be non-trivial contributions in the generators L ± m and central charges from the matter fields in general though the agreement seems to be plausible in the context of AdS/CFT [15, 60, 61, 62, 63] .
has been first spelled out in [54] but rigorously computed later in [56, 57] . This is a general field theoretic result only if some appropriate boundary conditions are satisfied regardless of the physical contents of the CS theory. [ This boundary effect should be distinguished from the "finite size effect"; it exits even for an infinitely large boundary. ] Moreover, this is not an artifact of a "classical" theory but persists even in the quantum theory because it can not be removed from some quantum effects due to normal orderings [57] .
So, if a theory can be expressed as the CS theory with the appropriate boundary conditions, one can quickly identify the Kac-Moody and Virasoro algebras with the classical central terms. This is actually the case of three-dimensional Einstein gravity with the cosmological constant Λ, where the usual BTZ black hole or the three-dimensional Kerr-de Sitter solutions (KdS 3 ) are admitted, depending on the sign of Λ [54, 56] .
The generalization of this approach to some more general class of gravity systems, i.e., with the matter couplings [15] or with the higher curvature terms [59, 7, 10] would not be possible in general. But, the three-dimensional gravity with the GCS term is an exceptional case since the GCS term itself can also be expressed as the CS theory for another choice of the invariant quadratic forms of the Lie algebra for non-vanishing Λ [66] ; for Λ = 0, the quadratic forms are not well defined since they are degenerate. So, for the most general form of the invariant quadratic forms which admit the new choice for the GCS action as well, one can express the Einstein gravity with the GCS term and non-vanishing Λ as a CS gauge theory [66, 5] .
Moreover, in the GCS-BTZ black holes, there is no difference in the metric form though there are some shifts in the ADM mass and angular momentum and so there is no difference in the boundary conditions for the corresponding CS theory; but this would not be valid generally for other non-trivial solutions where there are some important deformations of the metric itself.
Hence, all the previous results about the bare BTZ black hole can be applied to the GCS-BTZ case also from the general results of the Kac-Moody and Virasoro algebras for the CS theory.
B.
The SO(2,2) Chern-Simons gravity with the GCS term 
The most general form of the invariant quadratic forms are [66, 5] 
Here α and β are some arbitrary constants but the ratio of J a , J b and P a , P b are completely fixed by the algebras (4.3). The algebras (4.3) and the quadratic forms (4.4) look unusual. But if I introduce 
This is the usual form of the SL(2, R) × SL(2, R) Lie algebra but with different values of the quadratic forms of the two sectors. Now, by considering the Lie-algebra-valued one-form
with the triads e a = e a µ dx µ and the spin connections ω a = (1/2)ǫ abc ω µbc dx µ 12 , the CS action becomes [ A ∧ B is understood as A ∧ ,B ], up to some boundary terms,
The definition depends on the signature of the internal metric η ab . Our formulae are the case where the number of negative signatures is odd. For more details about my conventions, see Appendix A.
are the curvature and torsion 2-forms, respectively.
The equations of motion of the CS gravity, by treating A + and A − "independently", become the usual forms
where I have chosen the boundary conditions [54, 55, 57, 56] , for each time slice,
with the boundary action
Here, I note that the equivalence of the equations (4.11) or (4.12, 4.13) and the Einstein equations (2.4) can be achieved only after solving the torsion-free condition (4.12) first. This should be the case since the spin-connections ω are not independent variables but are determined by the torsion-free condition (2.3) already. Actually, by plugging (4.12) into the action (4.9), it is a standard computation to show that (4.9) is equivalent to the gravity action (2.1), up to some boundary terms, with the couplings (see Appendix A for details)
But at this point, there is one subtlety here: The whole CS' equations of motion are not available when one of Ω ± 's vanishes and this occurs with βl = α orβ = 2. In this critical case I have only one sector of the solutions in (4.11) such as the torsion-free condition (4.12) is not "necessarily " required. So, the equivalence of CS gravity (4.9) with the GCS-corrected gravity (2.1) can not be achieved in this case generally. However, if I restrict the solution space to the torsion-free ones only, the equivalence is admitted still. This is actually the situation that I consider in this paper since the BTZ solution (2.7) satisfies (4.12) and (4.13), which do not depend on the choice of ω or e. Now, in order to study the black hole solution (2.7) in the context of the CS gravity, it is convenient to introduce a proper radial coordinate ρ such as (2.7) can be written as
In these coordinates, the (outer) event horizon is at ρ = 0 and hence this metric describes the exterior of the horizon for real values of ρ, but the interior for imaginary values of ρ. Then, it is easily checked that the 1-form gauge connections are given, in the proper coordinates, by
[ The superscript indices denote the group indices a = 0, 1, 2.] In matrix form 14 , this becomes
where z ± ≡ (r + ∓ r − )/l and x ± = t/l ± ϕ. From this, the polar components 15 in the proper coordinates can be obtained as Here, I note that this solution satisfies the boundary conditions (4.14), (4.15) for any radius ρ such as the solution can be implemented even at the boundary whose radius may be arbitrary, 13 Note that the sign convention of ϕ differs from Ref. [54] such as it agrees with the original BTZ metric (2.7) [23, 24] . This agrees also with Refs. [8, 9, 10, 39 ].
14 I take J 0 = 
C. The Symmetry algebras and classical central terms
The CS action has the gauge and diffeomorphism (Diff) symmetries. If there are boundaries, the central terms appear in the symmetry algebras even at the classical level.
For the time-independent gauge transformation [ D i is the covariant derivative
the Lagrangian of (4.9) transforms as
. The conserved Noether charges for the right/left-moving CS sectors then become
where Q B (λ) and Q S (λ) are the bulk and surface parts, respectively and
The Noether charges satisfy the Kac-Moody algebras with the classical central terms in the Dirac bracket algebras 27) where ∆ −1 is defined as the functional inverse of
which depends, eventually, only on the functions λ, η, A ϕ which live only on the boundary:
[ The weak equality '≈' 16 Since all the calculations involving ∆, ∆ −1 are performed on the boundary ∂Σ, this rather formal definition works even though neither I confine to λ, η, ..., etc. which live only on the boundary nor know the explicit form of ∆ −1 [57] . This would be manifest in the Bergman-Komar's construction of Dirac brackets [67, 68] . ( See Ref. [69] for a related discussion. ) On the other hand, if I consider the matrix ∆(u, v) which is defined in the space of u, v which live only on the boundary, it is straightforward to compute ∆ −1 ( u, v are treated as the indices of the matrix ) unless one considers a trivial (bulk) theory of ∆(u, v) = 0, which is the zero − mode [57, 48, 70, 71] ; recently this approach has been also applied to the non-commutative open string and D-branes [72, 73, 74, 75, 76] And it is important to note that the central terms are the results of the gauge symmetry breakings at the boundary, which make the gauge symmetry constraints be "second-class" in the Poisson brackets
as has been first computed in Ref. [57] 17 .
Moreover, for a spatial and time-independent Diff:
when the boundary conditions "A ± a ρ | ∂Σ =constant" is imposed, which is a quite natural choice according to the explicit BTZ solution (4.22) . Actually, this boundary condition is crucial for the existence of the central terms in the Virasoro algebras: Another boundary condition f ± ρ | ∂Σ = 0 is also possible in order that there be Diff invariance, i.e., δ f ± L CS = dX/dt for the CS lagrangian L CS and some function X, but in this case there is no classical central term [56, 57] ; in Ref. [5] , the "gauge condition" A ± a ρ | ∂Σ = 0 has been considered but these conditions are also too strong to admit the classical central terms and moreover this contradicts to the black hole solution (4.22) on the boundary.
Then, the conserved Noether charges become
with the bulk and boundary parts Q ± B (f ), Q ± S (f ), respectively as in (4.25) ; the last constant term, proportional to T r(A ρ A ρ ), in (4.31) was included to obtain the standard Virasoro central 17 The mathematical origin of the central term is the modifications in the usual formulae for the derivatives of
i ∂ i η(a, ϕ) due to non-vanishing test function η on a boundary at r = a. It seems that this novel boundary effects have not been well recognized in the earlier works though [54, 77] ; actually it is misleading to introduce the gauge fixing conditions as in Ref. [54] to obtain the Dirac bracket algebras (4.26) .
term with the help of the ambiguities in the definition of Noether charge. These satisfy the Virasoro algebras with the classical central terms in the Dirac bracket algebras
Lie bracket on the boundary circle (∂Σ).
Here I note that the Virasoro algebras (4.32) are the results of the Kac-Moody algebras (4.26), but the latter do not imply the former always since the former depend crucially on the boundary conditions. This can be also understood from the "qualitative" difference of X f for Diff with X λ for the gauge transformation in that there are only the boundary contributions in the former whereas there are the bulk as well as boundary contributions in the latter for the general gauge group; they can be equivalent up to the Gauss-law constraint F ij ≈ 0 for the U(1) group, but this is not relevant to our BTZ system. I also note that the algebras (4.32) satisfies the Jacobi identity only for the subset of transformation with
such that only the third-and first-order derivatives appear in the central terms [55] . This particular form corresponds to the Diff which deforms across the boundary with proportionality to the steepness (∂ ϕ f ϕ ) of Diff along the circle (∂Σ); the boundary ∂Σ responds as an elastic medium to the deformations [56] 19 .
D. Asymptotic isometries and the central charges
Under the Diff generated by the Noether charges Q ± (f ), the gauge fields of (4.22), representing the BTZ black hole, have the transformations
This implies that the black hole solution (4.22) admits the isometries, i.e., δ f A
In the usual context of the Regge-Teitelboim method [54, 78, 79, 80, 81, 82] , the Dirac brackets of (4.26) and (4.32) are computed from the equivalence of the Dirac brackets and Poisson brackets {Q(f ), Q(g)} * ≈ {Q(f ), Q(g)}, which was assumed implicitly or explicitly, in models with the f inite as well as the infinite boundaries. But in the CS approach one can explicitly prove the equivalence from the fact of {Q, Q B } = 0 for any radius [57, 83] . 19 This seems to imply a complementary between the black hole and elastic medium of the boundary which looks similar to the complementary of black hole and strings on the stretched horizon [84, 85, 86, 87] .
is satisfied, though not necessarily for arbitrary ρ. This exactly agrees, to the leading order, with the asymptotic isometries found by Brown-Henneaux [53] 20 . Contrary to the existence of the central term itself, this result is a purely non-Abelian effect which comes from the off-diagonal parts. Now, by substituting (4.34) with the insertion of T r(A ± ρ A ± ρ ) = 1/2 for the black hole solution (4.22), the algebras (4.32) become the standard Virasoro algebras, in the coordinate space, with classical central charges
with γ ± = 1 ±β. In theβ → 0 limit, these classical central charges reduce to the usual result of Brown-Henneaux [53] for the asymptotic isometry of AdS 3 and also agrees exactly with that of conformal anomaly computation [37, 38, 39] . But interestingly, theβ-dependent central charges give an exact agreement also with the semi − classical central chargeŝ 36) as in (4.2) , that have been obtained from gravitational anomaly computation; this seems to be a quite non-trivial result since I don't see any general proof about the equivalence of the two central charges even without the GCS term though it seems to be quite plausible in the context of AdS/CFT correspondence, which identifies the "classical" asymptotic CFT of AdS on the one hand with the "quantum" CFT on the boundary on the other hand. The more familiar momentum-space Virasoro algebras (4.1) can be obtained by defining the boundary parts of the Noether charges in (4.31) as
and the central charges are given by (4.35). The ground state generators, from the definition, become
Note that theβ-dependent terms, as well asβ-independent terms, agree exactly withL ± 0 = L ± /h of (3.6). So, if I define the black hole's mass and angular momentum canonically as in (3.6) , from the general consideration of conformal field theory on the torus [89] ,
one obtains the same mass and angular momentum as in the anomaly approach [8, 9] , which agree with the usual ADM quantities of (2.10) [6, 25, 26] also. It does not seem that this is not just a coincidence but there be some deep reasons involving the holographic principle; but our CFT computation of the statistical entropy does not depend on the manners of identifications of M and J but only on the geometrical quantities of r + and r − such as the CFT computation provides a quite independent estimation of the would-be black hole entropy. Now with the Virasoro algebras with "classical" data of the central charges (4.35) and the ground state generator L ± 0 in (4.38), it is straightforward to obtain the corresponding quantum Virasoro algebras [44] : 
Here, the quantum correction c ± quant is due to some operator re-orderings and it is order of O(1). With the Virasoro algebras of :L m : in the standard form, which is defined on the plane, one can use the Cardy formula for the asymptotic states [44, 45, 46] as in (3.7) 
This approach shows explicitly how the classical Virasoro generators L ± 0 and central charges c ± can give the correct order of the semiclassical BH entropy (2.15),
with c ± L ± 0 ∼ A + /G; the quantum corrections due to reordering give the negligible order of O(1) effect to the entropy when one considers the large black holes with A + /(Gh) ≫ 1.
Then, the statistical entropy for the asymptotic states becomes [ omitting the small quantum corrections of the order of O (1) ]
where I have chosen L ± 0 (min) = 0, which corresponds to the AdS 3 vacuum solution where m = −1/(8G) and j = 0 in agreement with (3.10) . This has exact matchings with (3.10) in theβ-dependent correction terms as well asβ-independent terms. I note also that the "1/h" factor in the black hole entropy (4.48) was generated in the process of canonical quantization of the classical Virasoro algebras and thish-generating mechanism differs from that of Euclidean action approaches in Ref. [90] .
So, the statistical entropy, based on the classical symmetry algebras, agrees with the thermodynamic black hole entropy even in the correction terms due to the GCS term, as well as the usual one for the Einstein-Hilbert action 21 . This might a subtle issue because of some normalization differences between the different bases and conventions in the literatures: Actually there are ubiquitous factor "2" differences between different bases. So, I have included some details about the transformations of the formulae between the different bases and conventions in the Appendix A in order to ensure that this exact factor matching is a solid result actually.
V. Summary and discussions
I have studied the thermodynamics of BTZ black hole in the presence of the higher-derivative action of the gravitational Chern-Simons term and its solid connection with the statistical approaches based on the holographic anomalies and also the classical symmetry algebras.
The main results are as follows: First, for the case of large couplingβ > 1 the new entropy formula which requires rather unusual characteristic temperature T − = κ/(2π)| r − , which is negative valued, and angular velocity Ω − , which is the inner-horizon angular velocity in BTZ, is proposed from the purely thermodynamic point of view such as the second law of thermodynamics be guaranteed.
Second, I have found strong supports of the proposal from the CFT based approaches which reproduce the new entropy formula forβ > 1 as well as the usual entropy formula for the small coupling |β| ≤ 1.
Third, I have found the exact "factor" matchings between the holographic anomaly approach, which is intrinsically a "quantum" approach, and the classical symmetry algebra approach from the Chern-Simons formulation of the three-dimensional gravity and this would provide a non-trivial check of the AdS/CFT-correspondence in the presence of higher-derivative terms in the gravity action.
Finally, as a by product, I have clarified how the correct "1/h" factor in the semiclassical black hole entropy can be reproduced from the appropriate recovering ofh, which is hidden in the usual anomaly computations. Now, several comments are in order.
1. On the general validity of the Cardy formula even with higher-derivative/curvature corrections : It is interesting to note that the statistical entropy (3.10) from the Cardy formula (3.7) has basically the same form for both the Einstein-Hilbert action and the GCS corrected action; the only changes are some correction terms in the central charges and the conformal weights themselves rather than considering the higher-order corrections to the Cardy formula as in Ref. [46] . This seems to be true even in the presence of higher-"curvature" terms [59, 7, 10] and also in the supersymmetric black holes [91] . So there should be some explanations about this and actually this is the case. This comes from the fact that the higher-derivative/curvature actions do not necessarily imply the quantum corrections though the converse can be true [92, 93, 94] . So, if the higher-derivative/curvature gravities are treated semiclassically by neglecting the back-reaction effects, which are quantum effects, such as (3.9) or (3.13) is satisfied, the saddlepoint approximation for the Cardy formula (3.7) and so the entropy formula (3.10) are good approximations even with the higher-derivative/curvature terms in the gravity action [46] . There is another factor whose departure from unity is order of O[exp{−2π∆
, but this correction, if there is, is not comparable with the leading term (3.10) and other higherorder corrections by departing the semi-classical limit of (3.13); in our case of the GCS-BTZ black holes there is already the corrections of order of O(r − /r + ) in the leading entropy (3.10), but this dominates the exponentially suppressed corrections. Hence the leading Cardy formula (3.7) would have quite general validity for any kinds of semiclassical black holes in the higher-derivative/curvature gravities unless the condition (3.8) or (3.12) is violated.
2. Higher-order corrections to the saddle-point approximation: By relaxing the semiclassical condition of (3.9) or (3.13) but keeping only the condition (3.8) or (3.12), the higher order corrections in the Cardy formula (3.7) can be evaluated by the steepest descent method, known as the Rademacher expansion [95, 96] . The statistical entropy then becomes, up to fourth order, (see Appendix B for the details) from (B.12) It would be a challenging problem to compute the loop-corrected black hole entropies in the gravity side also and compare with the above CFT result (5.1). Actually the loop corrections in the gravity side would not be trivial in this case since there would be now some propagating mode(s) with the GCS term [1, 2, 3, 97] , in contrast to the usual BTZ black hole [46, 98] . . Subtleties of extremal and near-extremal black holes : If I consider extremal bare black holes with r + = r − , i.e.,∆ − eff = 0, which saturates the mass bound m = j/l and has vanishing temperatures, there seem to exist some subtleties in the above manipulations. Namely, the condition (3.13) does not apply and the back-reaction effect would not be negligible anymore in this case, such as I would need to consider "infinite" higher-order corrections in the steepest-descent approximations, which seems to be highly divergent from (5.1); other infinite series of exponential correction terms are actually of the form
with some positive integers m and n [46] such as the problematic part does not contribute further. But, actually this is not quite correct as can be seen easily in the original partition function (B.1). In the case of extremal bare black holes, the left-moving sector is absent in the partition function because ofL 
This gives the correct BH entropy for the leading term as can be also read from (5.1) and there is no divergence in each order 22 . This implies that in the "near-extremal" case, the naive divergence in each term of (5.1) would cancel each other and one would have only some finite entropy. Actually this seems to be supported also by the exact Raedmacher expansion which shows that the exact entropy with all higher-order corrections is bounded by, up to some exponentially suppressed terms, the BH entropy, i.e., 0 ≤ S exact < S BH [99] ; if there are no cancelations, the exact entropy S exact would easily violate the above Birmingham-Sen's bound. On the other hand, it is important to note that the condition for the right-moving sector only can be satisfied, though not possible for the left-moving sector, such as the extremal bare black hole with vanishing temperature does not always imply the necessity of the higher-order corrections; but its relevance to the back-reaction effect is not clear [47] .
On the other hand, the case of critical coupling |β| = 1, which has the extremal bound M 2 = J 2 /l 2 but non-vanishing temperature, has similar subtleties. In this case, one of γ ± vanishes such as the condition (3.8) would be ambiguous even though overall γ ± factor can be canceled for non-vanishing γ ± . And the condition (3.9) can not be satisfied either such as its entropy has similar divergence problem from (5.1) as in the bare extremal black holes. The resolution is similar to the bare-extremal black hole and the appropriate statistical entropies are given by, from (B.12),
forβ = ±1 and these agree with the entropies (3.17, 3.18) in the leading order. But, if I consider the extremal bare black holes further with r + = r − , the entropy forβ = 1 case reduces to (5.2) whereas that forβ = −1 case has divergent higher order terms with the vanishing entropy in the leading term. This subtleties can be resolved again in the original partition function language; there the right-moving sector is absent, i.e., L
whereas the left-moving sector is also absent, i.e., L − 0 − c − /24 = 0 due to r + = r − such as one has only a single ground state with ρ(∆ + ,∆ − ) = 1; this system satisfies the Nernst formulation of the third law of thermodynamics [49, 50, 51] , i.e., S stat = log ρ = 0, to all orders ! 3. Probing inside the outer horizon by the GCS action ?: Although there are some solid supports from the second law of thermodynamics and the CFT approaches, the inner horizon's data, which are required in the complete formulae, look strange still; of course, the necessity of the inner horizon's data seems to be a quite general feature with quantum corrections from the result of (5.1) but the problem is that it occurs even at the leading, classical level. Actually, induced W ZW model at the horizon within the context of CS gravity, in contrast to the factor "2" mismatches in the non-extremal black holes [46] . But it is subtle to compare with the purely gravity manipulation since there is no clear way to resolve a similar divergence problem.
this would be much strange in the Euclidean method of conical singularity [9] or in the Wald's approach to compute the black hole entropy which gives the same entropy formula with the inner-horizon term even though it is given by some integrals over the outer horizon [9, 100, 101] . Furthermore, in the strong coupling of |β| > 1, the inner horizon's temperature T − and angular velocity Ω − are needed in order to characterize the system. Even though the negative-valued temperature T − may be understood from the analogy with the spin systems, the obvious physical question would be the observational meaning of T − and Ω − by some physical processes. So, understanding the roles of the inner horizon's data appearing in the thermodynamics relations would be a challenging problem 23 ; some possible probing, in the context of the AdS/CFT, beyond the event horizon have been considered recently [30, 31, 102] , but this need further studies. 4. Classical (in)stability of the |β| > 1 black holes: For the large coupling of |β| > 1, the black-hole angular momentum is greater than its mass J 2 /l 2 ≥ M 2 and there are three known cases which show this "exotic" property, including the GCS case, in D = 3 and 5 [16, 17, 18, 19, 20] . There are no similar black hole solutions in D = 2 and 4, as far as I know. In D ≥ 6 the "ultra-spinning" black holes are possible in the Einstein gravity [103] but it seems that there is a classical instability under small perturbations [104, 105] . So, it would be interesting to investigate this classical (in)stability in our exotic cases also; there might exist some topological reasons, but it is not clear in our case since there are propagating modes [97] , in contrast to the ordinary BTZ black hole and KdS 3 solution [56] .
Appendix A. Conventions and some useful formulae in differential forms
In this appendix, I summarize the conventions and some useful formulae in differential forms used in this paper. I have also included some details about the computations in order to ensure that the exact factor matching, which is directly related to the relation in (4.17), does not come from some normalization differences between different bases but a quite solid result. I have used the Lorentzian metric for the internal Lorentz indices η ab = diag(−1, 1, 1) and ǫ 012 = −ǫ 012 = 1.
[ For the s-negative signatures in the metric generally, a number of formulae will contain the factor of (−1) s [106, 97, 107] . ]
The invariant quadratic forms for the SL(2, R) generators are (4.7), i.e.,
and the Lorentz indices are raised and lowered by the metric η ab . [ One can consider conve- 23 The probing of the inner horizon has been first remarked in Ref. [9] . Now let me prove (4.9), (4.11) and the relations in (4.17). To this end, I first note that the CS action in (4.9) can be written, in the component form for the internal space, as
where I have used
and By considering A ± a = ω a ± e a /l with the spin connections ω a and the triads e a , one can find that the CS action (A.2) becomes, after some manipulations, (4.9) in the compact form notation with the trace T r, up to the boundary term-actually this becomes a "half" of the Gibbons-Hawking's boundary term 2 M K, for the extrinsic curvature scalar K of the boundary, in the gravity action [108, 109] . Note also that there are factor "2" difference in the triple wedge products of ω's between (4.9) and (A.5). Now, in order to determine the coefficients α, β, I need to compare the result (A.5) in the vector basis with that of the usual tensor form basis. To this end, I first note that Similarly, one can show that 8) where I have used ǫ µνρ ǫ µνρ = (−1) s 3! in the final line. This is the cosmological constant action.
Next, I note that
2)
The density of states ρ(∆,∆) for the eigenvaluesL 0 =∆,L 0 =∆ is given as a contour integral (I suppress theτ -dependence for simplicity, but the computation is similar to the τ -part)
ρ(∆) = The integrals above could be evaluated by the steepest-descent method but the direct computation would be quite involved if one wants to go beyond the Gaussian integral. But fortunately there exits an exact, closed expression, due to Raedmacher [95] , with the result [96, 99] , up to the exponentially suppressed terms, where I n (x) is the modified Bessel function of the first kind, and I have used its asymptotic series expansion for large x:
